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In the present work some examples of toric hyperkahler metrics in eight dimensions 
\ are constructed. First it is described how the Calderbank-Pedersen metrics arise as a 

consequence of the Joyce description of selfdual structures in four dimensions, the Jones- 
^sO ■ Tod correspondence and a result due to Tod and Przanowski. It is also shown that 

I any quaternionic Kahler metric with isometry is locally isometric to a Calderbank- 

Q>^ ' Pedersen one. The Swann construction of hyperkahler metrics in eight dimensions is 

■ applied to them to find hyperkahler examples with U{1) x U{1) isometry. The connection 
with the Pedersen-Poon toric hyperkahler metrics is explained and it is shown that there 

T^lj- I is a class of solutions of the generalized monopole equation related to eigenfunctions of 

■ certain linear equation. This hyperkahler examples are lifted to solutions of the D=ll 
, supergravity and type IIA and IIB backgrounds are found by use of dualities. As before, 

all the description is achieved in terms of a single eigenfunction F. Some explicit F are 
found, together with the Toda structure corresponding to the trajectories of the Killing 



Oh! 



^ , vectors of the Calderbank-Pedersen bases. 

> : 

^ : 1. Introduction 

The relevance of hypergeometry in field theory has been made manifest during the last twenty 
years. For example the moduli space of magnetic monopoles [1] or the moduli space of Yang- 
Mills instantons in fiat space [2] are hyperkahler manifolds. The relation between hyperkahler 
spaces and hypermultiplets of field theories in D=4 with N=2 rigid supersymmetries has been 
pointed out in [3] , [4] and [5] and it was shown that when the supersymmetry is made local the 
hypermultiplets couple to supergravity and the resulting target space is a quaternionic Kahler 
manifold [6]. Many other modern applications of this subject to supersymmetric theories in 
D=4 can be found in [7]- [12] and references therein. 

Quaternionic geometry is deeply related to gravity theories in different dimensions, and to 
superstring and M-theories. This is because quaternionic Kahler metrics are always Euclidean 
vacuum Einstein with cosmological constant A and in the limit A ^ it is obtained an hyper- 
kahler metric. Four dimensional quaternionic metrics can be extended to examples of special 
holonomy [13], which are internal spaces of supergravity theories preserving some amount of 
supersymmetries. Moreover compact G2-holonomy spaces with orbifold singularities are be- 
lieved to arise as a quotient of a conical hyperkahler manifold in D=8 by one of its isometrics 
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[14]. Quaternionic manifolds also characterize the hypcrmultiplet geometry of classical and 
perturbative moduli spaces of type II strings compactified on a Calabi-Yau manifold [15]. 

Hypergeometry is also an active tool in modern mathematics. Quaternionic Kahler and 
hyperkahler spaces are D=4n dimensional and constitute the special case of the Berger list with 
holonomies included in Sp{n) x Sp{l) and Sp{n) respectively [16]. Some of their properties has 
been investigated for instance in [17]- [19] but they are not completely classified at the present. 

One of the latest achievements in the subject is the hyperkahler quotient, developed in [4] 
and [20] and providing a way to construct hyperkahler manifolds of a given dimension taking the 
quotient of a higher dimensional hyperkahler one by certain group generating triholomorphic 
isometrics. A sort of inverse method is due to Swann [21] who shows how a quaternionic 
Kahler metric in D—An can be extended to a quaternionic Kahler and hyperkahler examples 
in D—A{n + 1). The Swann construction was applied recently to construct hyperkahler cones 
in [22], relevant in theories with N=2 rigid supersymmetrics, and to construct certain scalar 
manifolds in M-thcory on a Calabi-Yau threefold in the vicinity of a flop transition [23] . 

The present work is mainly focused in the construction of eight dimensional hyperkahler 
metrics with two commuting U{1) isometrics (usually called toric hyperkahler) and the Swann 
extension is crucial to do this. The reason is that the quaternionic Kahler metrics in D — A 
with two commuting ^7(1) isometrics has been locally completely classiflcd by Calderbank and 
Pedersen [34] in terms of solutions F of a simple linear second order equation, namely 

F 

Such four dimensional metrics will be extended by the Swann construction to hyperkahler ones 
in D=8 and it will be seen that the isomctry is preserved in this extension, therefore the 
result is toric hyperkahler. As in the Calderbank-Pedersen case, all the description is achieved 
in terms of the linear equation given above, which make this picture very simple. 

There exist a physical motivation to construct toric hyperkahler examples. They arise 
naturally in the M-theory context as solutions corresponding to multiple intersecting branes 
[24], but their range of applications is of course, not limited to this case. For instance, the 
moduli space of scattering of well separated BPS monopoles or well separated dyons due to 
a (p, 5) string in a D-3 branc arc toric hyperkahler manifolds [26]- [28]. The metric of the 
moduli space of the k — 1 SU (n) periodic instantons (or calorons) has been shown to be toric 
hyperkahler [29] . Applications related to intersections in domain walls can be found in [30] and 
[31] and in [25], there has been studied solitons in a (2-|-l)-dimensional sigma model with a 
toric hyperkahler target space preserving 1/2 of the supersymmetrics and their realization in 
M-theory. 

It will be of interest to compare the results presented here with the Pedersen-Poon descrip- 
tion [32] of toric hyperkahler spaces, which is the most suitable for physical purposes. They 
statement is that for every of such spaces there is a coordinate system in which they locally 
takes the generalized Gibbons-Hawking anzatz 

g = Uijdx' ■ dx^ + U'^{dti + Ai){dtj + Aj), 

in terms of solutions of the generalized monopole equations, namely, a pair {Uij, Ai) satisfying 



It will be shown that this statement is true for the metrics presented here and therefore it is 
again checked that they are toric hyperkahler. As a consequence a family of solutions of the 
Pedersen-Poon monopole equation arc found in term of the eigenfunctions F presented above. 

To finish we recall that the Calderbank-Pedersen spaces are related to Einstein- Weyl struc- 
tures by the Jones- Tod correspondence [53], which states that for any four dimensional self- 
dual space with at least one isometry the space of the trajectories of the KiUing vector is an 
Einstein- Weyl space with a Toda structure defined over it. This statement applies for the 
Calderbank-Pedersen spaces. Einstein- Weyl structures are described by the continuum limit of 
the Toda equation [38] 

and the Jones- Tod correspondence gives a map between this equation and the corresponding 
for F. This fact is of interest because gives a recipe to find solutions of a non-linear equation 
(the Toda one) by solving a linear one. This correspondence is crucial to find the Einstein 
representatives among the conformal structures with selfdual Weyl tensor with at least one 
isometry. 

The organization of the present work is as follows: in section 2 there are described the Joyce 
spaces, which are the most general selfdual conformal structures with two surface orthogonal 
commuting Killing vectors. The underlying Toda structure of the Joyce spaces corresponding 
to the trajectories of its Killing vectors is found in section 3 by use of the Jones-Tod corre- 
spondence. In section 4 the quaternionic Kahlcr examples among them are found, that is, 
the Calderbank-Pedersen metrics. In section 5 the Swann construction is applied to them to 
find hyperkahler examples with two commuting triholomorphic isometrics. The relation with 
the Pedersen-Poon metrics is explained in section 6 and it is find a class of solutions of the 
Pedersen-Poon system in terms of an eigenfunction F. Such form is the most suitable for phys- 
ical purposes. As an application it is shown in section 7 that the hyperkahler metrics of section 
4 and 5 can be extended to different supergravity solutions by use of dualities. In section 8 
the Jones- Tod correspondence is used to generate some implicit and explicit solutions of the 
equations mentioned above. Section 9 contains the conclusions. 

2. Selfdual structures with two commuting isometrics 

In four dimensions to say that a manifold is quaternionic Kahler is equivalent to say that is 
Einstein with selfdual Weyl tensor. For this reason in order to classify the toric quaternionic 
manifolds it is needed to classify the selfdual structures with two commuting isometrics in 
D=4. Fortunately, there exists and complete classification of them made by Joyce if the Killing 
vectors are surface orthogonal [33]. The demand of x U{1) isometry and selfduality is 
very restrictive and in consequence all the description is made in terms of solutions of a linear 
system of differential equations. This section is intended to describe the Joyce classification in 
the most simple way as possible, and the other two are devoted to show which metrics among 
them are Einstein and thus toric quaternionic Kahler. 

It should be reminded that for an Euchdean space in D=4 the rotation group 5'0(4) is locally 
isomorphic to SU{2) x SU{2) and therefore the Weyl tensor W decomposes asW = W+ © VF_ 
where the components W± corresponds to one of the SU{2) groups. W is by definition the 
conformally invariant part of the Riemann tensor, this means that is unchanged under an 
scaling g — > Vf'g. A conformal structure [g] is defined as the family of metrics obtained from g 



by conformal transformations. If W- = for a given g of [^f] then g is called selfdual and, by 
conformal invariance, [g] will be a selfdual structure. 

Let us focus in spaces M with two commuting U{1) isometrics. The manifolds in consider- 
ation are then of the form M = N x T"^ where is a Riemann surface, and = f/(l) x f/(l) 
is the two dimensional flat torus. We will denote as (6*, (p) the periodic angles parameterizing 
T^. Consider an structure [g] over M with representatives g that locally takes the Gowdy form 

g = gabdx'^dx^ + g^pdx'^dx^. (2.1) 

The latin indices a, h corresponds to vectors on and the greek indices a, /3 to vectors on T^. 
Both gab and gap are supposed to be independent of x°' — {0,ip). It is seen that the Killing 
vectors are d/d9 and d/dip and the level surfaces of constant 9 and (f are orthogonal to both 
Killing fields. 

By Gauss theorem there exists a local scale transformation g — > Q^g which reduce (2.1) to 

g^dp'^ + drr" + gapdx'^dx^. (2.2) 

Because selfduality is a property of [g] rather than g there is not loss of generality in consider 
the anzatz (2.2) instead of (2.1). Define the basis (61,62) such that 

gapdx'^dx^ = e\ + e^. 

There exist a linear transformation T connecting the basis {pd9,pd(fi) with (61,62), which we 
will write as 

Bo B, r 



T 



where Ai and Bi are certain functions of {p,r]). By calculating T ^ it is seen that the angular 
part of g can be expressed as 

~ . a > /3 _ ipAod9 - pBpdipf + {pA^de - pB^d^f 

The advantage of this form is that the selfduality condition is equivalent to a system of linear 
equations. Imposing the condition — for (2.2) gives the following proposition [33]: 

Proposition 1 Any selfdual g with two commuting killing vectors d/d9 and d/d(p over 
M — N X is locally conformal to a selfdual metric gj of the form 

n (AR , o ^ + dy' , {Aod9 - Bpd^f + {A,dB - B^d^f 

g, = {A,B, - A,Bo)^^ + Ia^b^^AB^) ' ^^'^^ 

where the functions satisfies 

iAo)p + iA,), = Ao/p, (2.5) 
{Ao)r, - (^1), = 0, (2.6) 

and the same equations holds for B^. 



Equations (2.5) and (2.6) arc equivalent to the condition = 0. The Joyce metrics 
(2.4) are obtained by introducing (2.3) in (2.2) and making a conformal rescaling with a factor 



{AqBi — AiBq)/ p^. Such form is more convenient in order to find the Einstein metrics among 
the Joyce ones. Therefore the problem to find toric selfdual structures in D=4 has been reduced 
to solve a linear system for A^ and independently for 5*. The original proof of proposition 1 
has been obtained in a rather different way than here; it is based on a method discussed in 
Appendix B. 

It should be noted that (2.6) implies that 

Ao = Gp- Ai = G,, (2.7) 

for certain potential function G. Then (2.5) imphes that Gpp + = Gp/ p. Conversely (2.5) 
implies that 

Ao = -pVr,; Ai = pVp, (2.8) 
and (2.6) gives the Ward monopole equation [38] 

V,, + p-\pVp)p^O. (2.9) 

which has been proven to describe hyperkahler metrics with two commuting isometrics. The 
relations 

Gp^-pVr,^Ao; Gr^^pVp^A,. (2.10) 

constitute a Backlund transformation allowing to find a monopole V starting with a known G 
or viceversa. The functions can be also expressed in terms of another potential functions G' 
and V satisfying the same equations than V and G. 



3. The Toda structure 

This section presents some results of key importance in order to recognize the Einstein met- 
rics among the Joyce ones. But before to present them in more detail we should state some 
important properties about Einstein- Weyl structures. We recall from Appendix A that a 3- 
dimensional Einstein- Weyl structure is an structure [h] characterized by a representative h of 
the form (1.111) and a connection D preserving [h], namely 

h — e^{dx^ + dy'^) + dz^, Dahbc — coahbc u — —Uzdz. (3-11) 

The function u satisfies the SU (oo) Toda equation 

(e").^ + + lixx = 0. (3.12) 

With this result it is possible to enunciate the Jones-Tod correspondence [53] contained in the 
following proposition: 



Proposition 2 a) Consider an Einstein- Weyl structure [h] in D—3 and a representative h. 
Then the four dimensional metric 

,^Uh+^^^^ (3.13) 

is selfdual with one Killing vector df if the pair of functions {U, A) satisfies the generalized 
monopole equation 

dA = *hidU -Ucu). (3.14) 



The Hodge star *h is taken with respect to hij and uj is defined in terms of the Toda solution 
by the third (3.11). 

b) Conversely if a given g is self dual and has one conformal Killing vector K"^ then a con- 
formal transformation can be performed in order that becomes a Killing vector dt and there 
exists a system of coordinates in which g takes the form (3.13), being h a representative of an 
Einstein-Weyl structure. The factor uj will be obtained in this case through (3.14). 

Prom formula (3.11) it is seen that 

dU -uU = U^dx + Uydy + {1/^ + uM)dz = U^dx + Uydy + e~'^{e''U)zdz 

and (3.14) is then exphcitly 

dA = *h{dU - ujU) = U^dz Ady + Uydx Adz + {Ue'')^dy A dx. 

Therefore the integrabihty condition for the existence of A is 

(C/e«),, + + = 0. (3.15) 

In other words the Jones- Tod result states that for every four dimensional selfdual space 
with at least one isometry, the space of trajectories of the KiUing vector define an Einstein-Weyl 
structure in 3-dimensions, and conversely every 3-dimensional Einstein-Weyl structure is the 
space of trajectories of a Killing field of a four dimensional selfdual space. This result applies 
for the Joyce spaces (2.4) as long as they have two isometrics. The Jones- Tod correspondence 
has been originally obtained by use of minitwistor theory. But the advantage to reduce the 
Joyce metrics to the form (3.13) is that the following theorem [35]-[36] can be applied to find 
the Einstein representatives: 

Proposition 3 Any selfdual Einstein metric g with one Killing vector in D=4 there exist 
a system of coordinates {x, y, z, t) for which takes the form 

g = huie^idx' + dy') + dz^) + hdt + A)^]. (3.16) 

z'^ U 

The functions {U,A,u) are independent of the variable t and satisfies 

{e'')^^ + Uyy + Ux^^O, (3.17) 

dA = Uxdz Ady + Uydx A dz + {Ue'')zdy A dx, (3.18) 
U = 2-zu,. (3.19) 
Conversely, any solution of (3.17), (3.17) and (3.19) define by (3.16) a selfdual Einstein metric. 

It is easily seen that if the condition (3.19) is relaxed then proposition 3 reduces to the 
proposition 2 up to an scaling by 1/z'^. Then (3.19) is the condition to be satisfied in order 
to have an Einstein metric. It is sufficient because it can be checked that the integrabihty 
condition 

{Ue''),, + Uyy + f/,, = 0, 

is always satisfied for U = 2 — zUz. In other words, every SU (oo) Toda solution define a selfdual 
metric by (3.16). Then the problem to find the Einstein metrics among the Joyce ones is to 



reduce them to the form (3.13) and then to apply (3.19). The result will be an extra relation 
between the functions Ai and and the resulting metrics will be toric quaternionic Kahler. 

The first task is to find a new coordinate system (x, y, z, t) for the Joyce metrics (2.4) defined 
in terms of the old one (p, r], 9, ip) for which they are expressed as 

g = [?7(e"(rfa;2 + dy^) + dz^) + ^{dt + Af]. (3.20) 
according to (3.13). To do this it is needed to write (2.4) as 

AqBi-AiBo 2 , 42\/j 2 , J 2\ , 2j 2\ , ^0 + ^1 t {^oBq + AiBi)d(p ^ 

^ P\AI + Al) + ^^^^^P +dv)+pd^) + -J^^^^J^^yO -^^^ ) 

(3.21) 

and is seen that after rescaling by p and identifying t — 6 that it takes the form (3.13) with a 
metric h and a monopole (t/, ^4) given by 

h={Al + A\){dp^ + dv') + p'd^\ U = ^l^l{^^l^y (3-22) 

" Al + Al ^ ^ 

The factor to can be calculated through dA — *h{dU — Uu) and is 

2A 

^ = — ( A2 \2^ dG; dG = -pVr,dp + pVrtdrj. (3.24) 

P{Ao + Ai) 

The next problem to find the coordinates {x,y,z) for which (3.22) takes the form (3.11). 
The relation uj = —u^dz and (3.24) suggests that dz = dG and therefore G = 2; up to a 
translation. Indeed, the other possible differential constructed with V is 

dV = Vpdp + Vr^dr], 

and it can be easily checked that 

dG^ + pHV^ = p\V^ + V^){dp' + dri") = {Al + ADidp" + dry^), 

where in the last step formula (2.8) has been used. Prom the last expression is seen that (3.22) 
is 

h = p^idV"^ + d^^) + dG'^. (3.25) 

Comparision between (3.25) and (3.11) shows that a solution u{x,z) of the continuum Toda 
equation is defined by the identifications 

e" = p2^ x^V, y^ip, z^G. (3.26) 

The solution u is independent of y is due to the presence of the other isometry, which is also a 
symmetry of h. Formula (3.26) defines the coordinate system that we were looking for. 

At first sight (3.26) relates the solutions of the axially symmetric Toda equation with two 
solutions V and G of two different linear differential equations. But they are related by a Back- 
lund transformation and it can be directly checked that if V is a Ward monopole, then W such 
that Wn = V is also a Ward monopole and it follows that G = pWp. Inserting the expressions 



in terms of W in (3.26) and changing the notation replacing W hj V hj convenience gives the 
following proposition [38]: 

Proposition 4 Any solution V of the equation V^^ + p~^{pVp)p — defines locally the 
coordinate system {x, z) 

x = Vr„ z = pVp, (3.27) 

in terms of {p,ri) and conversely (3.27) defines implicitly {p,ri) as functions of {x,t). Then the 
function u{x,z) = log{p^) is a solution of the axially symmetric Toda equation 

(e").. + = 0. (3.28) 

This procedure can be inverted in order to find a Ward monopole V starting with a given Toda 
solution. 

Proposition 4 gives a method to find solutions of a non linear equation (the continuum Toda 
one) starting with a solution of a linear one (the Ward equation) . But it is difficult in practice 
to find explicit solutions of (3.28) and usually proposition 4 gives implicit solutions. 

An important detail is that the Toda structure (3.22) and the Toda solution u are completely 
determined just in terms of A^. Only the monopole {U, A, uj) depends on both A^ and B^, which 
are not related in any way. 

4. Quaternionic-Kahler metrics with U{l)xU (1) isometry 

It is of special interest to determine which g among the Joyce metrics (2.4) are Einstein; in 
four dimensions self dual Einstein spaces are quaternionic-Kahler [18]. This will be performed 
applying the Einstein condition (3.19) to (2.4) and the result is the Calderbank and Pedersen 
metrics [34]. 

However it has been shown in the previous section that (2.4), (2.5) and (2.6) describe all 
the toric selfdual metrics with surface orthogonal Killing vectors, but there are examples that 
admit actions for which surface orthogonality do not hold, even locally (sec [33] pag. 534). 
Nevertheless the Killing vectors of a selfdual metric with U{1) x U{1) isometry are surface 
orthogonal if it is Einstein [34] and this implies that the Calderbank-Pedersen metrics are the 
most general toric quaternionic-Kahler ones. This statement do not hold in the hyperkahler 
limit, in which the scalar curvature tends to zero. 

For Joyce spaces the relation cu — —u^dz and (3.24) gives 

^0 _ p{Al + Al)-GAo 

P{AI + Aiy P{AI + Al) ■ 

Then the insertion of the expression for U (3.23) in terms of Ai and Bi into the Einstein 
condition U — 2 — zuz gives 

A,Bo - A^B^ = p{Al + Al) - GA^. 

Thus Bq = pAi +^0 and Bi = G — pAo + with AiC^q = Aq^i. The functions are determined 
by asking Bi to satisfy the Joyce system (2.5) and (2.6), the result is — ~vAo and = —rjAi. 
Therefore the metric gj/ pz^ is Einstein if and only if 



A-o — Gp] Al — Gjj 



(4.29) 



Bo = r]G,- pG^; = pG, + r]Gr, - G, (4.30) 

which is the Calderbank-Pedersen solution. Defining G = it follows that F satisfies 

_ 3F 

Then inserting (4.29) and (4.30) expressed in terms of F into Qj/ pz^ and making the identifi- 
cation z — G gives the following proposition [34] : 

Proposition 5 For any Einstein-metric with selfdual Weyl tensor and nonzero scalar cur- 
vature possessing two linearly independent commuting Killing fields there exists a coordinate 
system in which the metric g has locally the form 

^ - ^P\Fl + F^^) dp^ + dr^^ 



,2 



4F2 p 

[{F - 2pFp)a - 2pF,P]' + [{F + 2pF,)/3 - 2pF,a]' 

F''[F^-4p^{F^ + F^)] ' ^ ■ ^ 

where a — ^/pd9 and (5 — {dip + r]d9)/ ^ and F{p, rj) is a solution of the equation 



Fpp + F,,^—. (4.32) 



on some open subset of the half-space p > 0. On the open set defined by F"^ > Ap'^{F^ + F^) 
the metric g has positive scalar curvature, whereas F"^ < Ap^^F^ + F^) -g is selfdual with nega- 
tive scalar curvature. 



The Einstein condition Rij = ngij is not invariant under scale transformations, so Propo- 
sition 5 gives all the quaternionic-Kahler metrics with isometry up to a constant multiple. 
The problem to find them is reduced to find an F satisfying the linear equation (4.32), that is, 
an eigenfunction of the hyperbolic laplacian with eigenvalue 3/4. 

The equation for V (2.9) and has solutions of the form 

^i(p,'7) = ^{rj.ip) + c.c, V2{p,r)) = W{ir],p) + c.c 

1 /•27r 

W{r],p) = — / H{psen{e) +r])de (4.33) 

ZTT Jo 

where H{z) is an arbitrary function of one variable [38]. The Backlund relations (2.10) define 
V in terms of G, and consequently in terms of F, and viceversa. For instance, non trivial 
eigenfunctions F can be constructed selecting an arbitrary H{z), performing the integration 
(4.33) and finding G through (2.10), then F — G/^/p. In the same way an axially symmetric 
Toda solution u can be constructed starting with an arbitrary H{z) by using proposition 3. 



5. Toric hyperkahler geometry in eight dimensions 



Four dimensional quaternionic-Kahler manifolds can be used as base spaces to construct G2 
holonomy manifolds and 8 dimensional hyperkahler ones, by use of the Bryant-Salamon [13] 



and Swann [21] constructions respectively. Both types of manifolds can be extended to dif- 
ferent supergravity solutions by use of dualities. The aim of the following two sections is to 
construct the hyperkahler metrics corresponding to the class (4.31) by means to the Swann 
extension. As it will be clear, the two U{1) isometrics of the Calderbank-Pedersen metrics are 
extended to the resulting hyperkahler ones and are triholomorphic, which means that preserve 
the complex structures defined over them. The presence of the Killing vectors is of importance 
when dealing with compactification because II supergravity backgrounds can be found starting 
with 11 supergravity solutions by reduction along the isometrics. This point will be discussed 
in section 7 in more detail. 

5.1 Properties of quaternionic Kahler manifolds 

Before to present the Swann construction it is convenient to review certain properties of quater- 
nionic manifolds [18]. Consider a Riemanian space M of real dimension 4n endowed with a 
metric 

and a set of three almost complex structures J* with i = 1,2,3 satisfying the quaternionic 
algebra 

j'-J^^-Sij + eijkJ\ (5.34) 

and for which the metric g satisfies g{J'^X, J'^Y) — g{X, Y) for any X,Y in T^M. A metric for 
which the last condition holds is known as quaternionic hermitian and it follows that Jg^, = 
— Jajj- Any combination C of the form 

C = a'J\ a'a' = 1 

will be an almost complex structure too, so M has a family of almost complex structures 
parameterized by the space S"^ of unit imaginary quaternions. From the three almost complex 
structures (5.34) one can define an SU{2) "gauge field" 

K = JL, (5-35) 

and consequently an SU (2)-curvature 

F' = dA' + EijkA^ A i^ 

where a;"*" is the antiselfdual part of the spin connection of g. Also it is possible to generahze 
the Kahler form corresponding to complex manifolds to an hyperkahler triplet Jlj defined by 

= A Jl^e\ (5.36) 

Then the manifold M is quaternionic Kahler if 

F' = Kn\ (5.37) 

holds, being k, the scalar curvature of M. 

If (5.37) is satisfied then the usual Bianchi identities of gauge theories implies that 



VaQ^ = dn' + EijkA^ A Q*^ = 0. 



(5.38) 



The relation (5.38) shows that the hyperkahler form of every quaternionic Kahler space is 
covariantly closed with respect to the connection A\ In the hyperkahler hmit k — > and (5.37) 
shows that A is a pure gauge and can be reduced to zero. Then 

dQ' = 0, (5.39) 

that is the hyperkahler triplet of an hyperkahler manifold is closed. 

It can be shown [18] that any quaternionic metric is an Einstein space with curvature k. and 

In four dimensions a quaternionic-Kahler metric is an Einstein metric with selfdual Weyl tensor. 
The holonomy H C Sp{l) x Sp{n). In the hyperkahler limit it is Ricci-flat and the holonomy 

is reduced to H C Sp{n). 

In four dimensions we can select a selfdual complex structure (J*^ = —eabcdJlal'^) 
components of Vt^ and the SU (2) gauge field will be given explicitly by 

= Ae^-e^ Ae^ = e° A + A e\ = -e° A + A e^ (5.40) 

/il ,,03 ,,12 a2 , ,02 , , ,31 /1 3 , ,01 , , ,23 

5.2 The Swann extension 

In order to construct toric hyperkahler metrics in eight dimensions it is convenient to introduce 
the quaternionic notation used in SU{2) gauge theory. A metric in D=4 will be written as 
g = ee = |ep where the quaternionic valued einbein e is e = Cq + ej J* and e is its quaternionic 
conjugated. In general for two pure quaternionic 1-form 

A* = A*0 + pl'lJ^ + PI'2J^ + pisJ^: U ^ 1/0 + UiJ^ + i/2 + UsJ^ 

the quaternionic wedge product is defined as 

A i/ = (//o A i/i - //2 A i/3) + (//o A i/2 - //3 A i/i) + (//o A i/3 - ^1 A 1^2) J^. (5.42) 
+II0 A i/Q + A*i A i^i + //2 A i/2 + //a A 1/3, 

and in particular 

71 A /X = (/^o A yUi - /i2 A Aia) + {/^o A /i2 - A*3 A /^i) + {1^0 A /^a - /^i A 1^2) J"^ (5.43) 

pure quaternionic components. Using (5.43) the formulas (5.40) and (5.41) can be expressed 
more compactly as 

n = eAe, A = A'J\ (5.44) 

Formula (5.44) can be easily generalized to higher dimensions, for instance, a metric g in eight 
dimensions can be expressed as 51 = eiCi + 6262 with two quaternion einbeins ei and 62 and 
then 

Q = ei A ei + 62 A 62. (5.45) 

The quaternionic expression of the relations (5.38) and (5.37) in D—An is expressed with 
the help of this notation as 

dn-AAn + nAA = 0, dA- AaA + Kn = 0. (5.46) 



It is important to present the Swann construction to express O, and dQ entirely in terms of A 
and its derivatives. This is easily achieved introducing the second (5.46) into the first to give 

Kdn + AAdA-dAAA, dA- AaA + ^^ = 0. (5.47) 

Formulas (5.47) are the desired result. They are very useful in order to extend a quaternionic 
Kahler metric g = ee in D = 4 with local coordinates {xi, ..,X4) to an hyperkahler one g in 
D = 8 parameterized by (xi, .., X4, q), being q = qo + qiJ'^ a quaternionic coordinate. To achieve 
this task first it should be noted that the quaternionic form S given by 

E^dqA {kQ + dA-AA A)q + ^(kQ + dA-AAA)Ad:q 

+q{Kd£t + AAdA - dAA A)q, 

is identically zero by (5.47). By another side it is possible to express S as a differential S = 0?$, 

where 

$ = Kq9.q + {dq + Aq) A (dq + Aq) . (5.48) 

The condition S = then implies that $ is closed. By (5.43) it follows that $ is a pure 
quaternion and therefore is a candidate to be the hyperkahler triplet of an hyperkahler metric 
'g. From (5.45) it is seen that the einbein of g should be ei = qe and 62 — dq + qA. Then the 
hyperkahler metric y — CiCi + 6262 with (5.48) as hyperkahler form is 

g^ K\q\'^g+\dq + qA\'^. 

Therefore we have obtained the Swann theorem in D=8, namely [21]: 

Proposition 6 If a four dimensional quaternionic Kahler metric g is given, then the eight 
dimensional metric 

g ^ K\q\^ g + \dq + qA\^ (5.49) 

is hyperkahler. The coordinate q = qo + qiJ^ + q2J'^ + q^J^ takes quaternionic values and the 
"SU(2) gauge field" A is defined by (5.35) 

Proposition 6 provides an extension to four to eight dimensions but its converse is not 
necessarily true, that is, not every eight dimensional hyperkahler metric can be expressed as 
(5.49) with a quaternionic Kahler base g. A counterexample will be given in the next section. 

Clearly proposition 4 applies to the Calderbank-Pedersen metrics (4.31) and, by use of 
(5.49), it follows immediately a family of toric hyperkahler spaces for every solution of the 
equation (4.32). In order to find them one should calculate the expressions (5.40) and (5.41) 
corresponding to (4.31), the result is [34] 

- Y2^F^ - ^p'iFl + F;m^^ + aAP), = i,(pF,/3 + (pF, - \F)a) A ^, 

= ^(pi^.« - {pF, + If)P) a ^, (5.50) 
A^-jiilF + ,F/j-pF,'^), A^^§. (5.51) 



The explicit form of the resulting g is 

g = i^\(l?9cp + {dqo - qiA'f + {dqi + q^A' + eijkqkA^f (5.52) 

where Qcp is (4.31) and A* is given by (5.51). Also from (5.51) and (5.50) follows an explicit 
expression for (5.48) A new coordinate system for this metrics, more suitable for physical 
applications, will be found in the next section. 

6. Connection with the Pedersen-Poon metrics 

If the Calderbank-Pedersen metrics (4.31) are used as base spaces in the Swann construction 
(5.49) the resulting metrics are (5.52) and the two isometrics corresponding to the KiUing 
vectors d/d9 and d/dip are preserved in this extension and are triholomorphic, which means 
that 

ae 

Therefore the result is a toric hyperkahler metric in eight dimensions. But the hyperkahler 
metrics in D=4n with n commuting triholomorphic U{1) isometrics has been completely classi- 
fied locally by Pedersen and Poon in terms of the generalized Gibbons-Hawking anzatz. Their 
eight dimensional statement is [32]: 

Proposition 7 For any hyperkahler metric in D — S with two commuting triholomorphic 
U(l) isometrics there exists a coordinate system in which takes the form 

g = Uijdx' ■ dx^ + U'^ (dti + A) {dtj + Aj), (6.53) 

where {Uij,Ai) are solutions of the generalized monopole equation 

V,.C/,- = V,.C/,, (6.54) 

and the coordinates (a;J,a;^) with i — 1,2,3 are the momentum maps of the triholomorphic vec- 
tor fields d/dO and d/d^p. 

The Gibbons-Hawking form (6.53) is the most appropriated to discuss supergravity solutions 
and for this reason it will be instructive to check that (5.52) can be reduced to the form (6.53). 
But it is convenient first to explain why [xl^xD are the momentum maps of the isometrics. 
In general momentum maps are related to a compact Lie group G acting over an hyperkahler 
manifold M by triholomorphic Killing vectors X, i.e, satisfying 

£xJ^ = 0. 

The last condition implies that X preserves the Kahler-form that is 



£x^k = = txd^k + d{ix^k)- 



Here ix^k denotes the contraction of X with the Kahler forms. By supposition M is hyper- 
kahler, then — and 

d{ix^k) = 0. 

This imphes that ix^k a-re a differential. The momentum maps are defined by 

dx^ = ix^k- (6.55) 

In the Pedersen-Poon case the isometrics are d/d9 and d/d(p and the hyperkahler form corre- 
sponding to (6.53) is [24] 

= {d9i + Ai)dxl - Uij{dx' A dx^)k 

where it should be identified ti = 9 and ^2 = ^- From the last expression it follows that 

dxl = ie^jfc, dxl = i^^k 

and therefore {x\,x1) are the momentum maps of the isometrics. 

With this fact in mind it is possible to find the momentum map system {xq, for (5.52). 
The contraction of d/d9 with the hyperkahler form (5.48) gives 

1 IFF 
dx] = —=r=;{2qodq2 + 2q2dqo - 2qidq^ - ^q^^dqi - (— + -^)dp - -^drj), 

1 IFF 
dxl = —;=r^{2q2dq3 + 2q3dq2 - 2qodqi - 2qidqo - {tt + -^)dp - -^drj), 
\fpF 2p F F 

1 IFF 
dx\ = —=r^{2qQdqQ + 2qxdqx - 2q2dq2 + 2q-idq-i - (— + -^)dp - -^drj). 
^pt Ip t t 

The last expressions can be integrated to obtain 

1 _ 2(gog2 + q\qz) 2 _ '^{m^ - QoQi) 3 _ ^0-^1-^2 + gj r^x 
^^F ' V^F ' V^F ■ ^^-^^^ 

Similarly for d/d(p it is found 

1 1 , 2^{qiq2 - qoqs) 2 2 , ^^(^0 - qI + <l2 - <li) 
= VXe + — p , = TjXg + ^ , 

4 = ,4 + M(^±^, (6.57) 

in accordance with [34] . 

The next step is to determine the matrix Uij for (5.52). This is easily found noticing that 
from (6.53) it follows that 

Then introducing the expression for (5.52) into the first (6.58) gives 

FCjF' - p\F^ + F^)) [ -pF, \F + pF,)^ ^^-"^^ 



with inverse 

To find Ai one should obtain from (5.49) and (4.31) that 

^(^, •) = j[{q2^P+qi^){2qiA^-dqo)+2{q2^+q^^p){dqi+qoA^)-2{q^ 

+2(go^ - qiy/p)idq3 - q2A% 

VP 

gi^, ■) = k^i2q,A' - dqo) + ^{dq, + qoA') - ^{dq^ + qsA') + ^{dqs - q,A% 

Of r VP yP yP yP 

where is given in (5.51) in terms of F. Then from the second (6.58) it is obtained 

^1 = ^[(f + P^pM^, •) + Pm^^ •)], (6.61) 

^2 = •) + (f - P^p)^(^' •)]■ (6.62) 

Therefore we have reduced (5.52) with this data to the form (6.53). Formulas (6.60), 
(6.61) and (6.62) define a class of solutions of the Pedersen Poon equations (6.54) and an 
hyperkahler metric (6.53) simply described in terms of an unknown function F satisfying (4.32). 
We must recall however that this simplicity is just apparent because t/jj depends explicitly on 
the coordinates (p, r/, |q'P), which depends implicitly on the momentum maps (x^, x^) by (6.56) 
and (6.57). Therefore C/jj is given only as an implicit function of the momentum maps. 

For physical applications it is important to find solutions which in this limit tends to 

g = U^dx' ■ dx^ + Ugdtidtj, (6.63) 

for a constant invertible matrix [24]. Formulas (6.56) and (6.57) shows that the asymptotic 
limit a;^) — > oo or — > oo corresponds to g — cxd or ^/pF 0. In consequence from (6.60) 
and (6.59) it follows that oo and C/y — > asymptotically, which is not the desired result. 

This problem can be evaded defining a new metric (6.53) with 

C7,,- = Ui, + f/°r, (6.64) 

and with the same one-forms (6.61) and (6.62) and coordinate system (6.56) and (6.57). Clearly 
to add this constant do not affect the solution and this data is again a solution of the Pedersen- 
Poon equation (6.54) for which Uij — > and TT^ — > C/^. Explicitly we have 



U..-IL lF + pF,+ '-^ pF,+ 



'\q?[' pF, + \F -pF, +W 1 ' (6.65) 

with inverse 



1 lF-pF, + ^ -pF, 
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This modified metric is more suitable for physical purposes, but do not correspond to 
a Calderbank- Pedersen base and this show that the converse of the Swann theorem is not 
necessarily true. 



7. Supergravity solutions related to hyperkahler mani- 
folds 

The hyperkahler spaces defined by (6.56), (6.57), (6.60), (6.61) and (6.62) can be extended to 
11-dimensional supergravity solutions and to llA and IIB backgrounds by use of dualities. This 
section present them following mainly [24], more details can be found there and in references 
therein. 

The hyperkahler solutions obtained in the previous section can be hfted to D—11 super- 
gravity solutions with vanishing fermion fields and F^^ap- Such solutions are of the form 

ds^ = ds\E^'^) + Uijdx' ■ dx^ + U'^{dti + Ai) {dtj + Aj), (7.67) 

and admits the action of a torus. Because the fields are invariant under the action of the Killing 
vectors a solution of the llA supergravity can be found by reduction along one of the isometrics, 
say d/d(p. The Kaluza Klein anzatz is 

^ e-y^''^gf,^{x)dx^'dx'' + e^'^^''\dy + C^,{x)dx>'f, (7.68) 

All = A{x) + B{x) A dy. (7.69) 

The field An is the 3-form potential and x'^ are the coordinates of the D=10 spacetime. The 
NS (g) NS sector is {(f), g^^, B^y) and the R® R sector is (C^, A^^^p). After reduction the 
nonvanishing fields are 

(t>^-^log{Uii)--^log{detU), (7.71) 
C^A2-^{de + Ai). (7.72) 

Uii 

All the quantities were independent of (/? and survived as Killing spinors of the reduced theory. 

The field is independent of 9 and C satisfies £kC — and one can use T-duality rules to 
construct a IIB supergravity solution 

ds^ = [gmn - geeigmegne - BmeBne)\dx'^ dx"" + 2gQg Be„d9dx'' + g^Q^dO'^ (7.73) 

B = ^dx"^ A dx'^iBmn + '^geeigmoBno)] + gehemde A dx"^ (7.74) 

^ = (j) - logigee) (7.75) 
where the tilde indicates the transformed fields. The restrictions 

S = 0, ikA = 0, 

gives the T-dual fields 

B' = [Cmn - {geer'Cegem]dx'^ A d9, (7.76) 
ikD = A, 



where I is the IIB pseudoscalar, B' is the Ramond-Ramond 2-form potential and D is the IIB 
4-form potential. The non vanishing IIB fields resulting from the apphcation of the T-duahty 
are 

dslo = {detUf/%detU)-^ds\E^'^) + {detUy^Uijdx' ■ dx^ + d9\ (7.77) 

Bi^Ai^ de, (7.78) 



(7.79) 



Un Un 

where 

and ds\Q is the Einstein frame metric satisfying 

More examples can be obtained by reducing (7.67) along one of the space directions E'^'^ and 
it is obtained the IIA solution 

ds^ = ds'^{E^'^) + Uijdx' ■ dx^ + U'^ (dU + A) (dtj + Aj), (7.80) 

with the other fields equal to zero. After T-dualizing in both angular directions it is obtained 

ds"^ = ds'^{E^'^) + UijdX' ■ dX\ 

B^Ai^ dti, (7.81) 

= ^log{detU), 

where X' = x^,t^. This solution can be hfted to a D=ll supergravity solution 

dsl^ = {detU)^/^[{detU)-^ds\E^'^) + {detUy^UijdX' ■ dX^ + de% (7.82) 

F^FiAdtiA de. (7.83) 

It is possible to generahze (7.67) to include a non vanishing 4-form F. The result is the 
membrane solution 

ds^ = H-^/^ds\E^'^) + H^'^[Uijdx' ■ dx^ + U'^{dti + Ai){dtj + Aj)], (7.84) 

F = ±uj{E'^'^) A dH-\ (7.85) 
where H is an harmonic function on the hyperkahler manifold, i.e, satisfies 

U'Wi -djH = 0. 

We have seen in the last section that every entry of Uij is an harmonic function and so such H 
can be generated with an hyperbolic eigenfunction F. After reduction along (p it is found the 
following IIB solution 

dslo = {detUf/^H^/'^[H-\detU)-'^ds\E^'^) + {detUy^Uijdx' ■ dx^ + H'^dO^ (7.86) 

Bi^AiA de, (7.87) 



(7.88) 



ikD - ±u{E^'^) A dH-\ (7.89) 
If instead (7.84) is dimcnsionally reduced along a flat direction it is obtained the IIA solution 

ds'^ = ds\E^'^) + Uijdx' ■ dx^ + U'^{dti + A) {dtj + Aj) , (7.90) 



B ^ u!{E^'^)H-\ (7.91) 
1. 



(f)^-llog{H). (7.92) 



A double dualization gives a new IIA solution 

ds^ = H-^ds\E^'^) + UijdX' ■ dX\ (7.93) 



Bi^Ai^ dip' + u;{E^'^)H-\ (7.94) 

-log{detU) 1 
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-log{detU) - -log{H). (7.95) 



The lifting to eleven dimensions gives 

dsl^ = H^'^{detUf'^[H-\detU)-^ds^{E^'^) + {detUy^UijdX' ■ dX^ + H'^dO^ (7.96) 

F = (Fi A + u;{E^'^) A di/-^) A dO. (7.97) 

All the backgrounds presented in this section can be constructed with a single F satisfying 
(4.32), but the dependence on {xg,x^) remains implicit. 

8. Explicit and implicit solutions 

In this section some particular solutions of the linear equations for F and V will be constructed 
together with their Toda counterparts. 

The Ward equation Vrfr^ + p~'^{pVp)p — can be solved by separation of variables. The 
solutions obtained in this way are 

= (A + Br])logip), V+ = {Ccos{uji]) + Dsin{ujr])){EIo{ujp) + FKo{uop)), 

y_ = {Gcosh{uri) + Hsinh{ujr})){MjQ{ujp) + NYq{ujp)), (8.98) 

where oo, A, B, .., N are constants, Jq{ujp) and Yq{ujp) are Bessel functions of first and second 
kind (or Newmann functions) and Iq{ujp) and Kq{ujp) are modified Bessel functions of first and 
second kind (or MacDonald functions). From (2.10) it follows that 

Gp = -pVr^] Gr^ = pVp 

and F = Gj ^ define separated solutions F of (4.32) given by 

Fo = (V/' + 5p~'/')(C?7 + ^), 

F+ = p^/^{EIi{cup) + FKi{ujp)){Gsin{ujri) + Hcos{curi)), (8.99) 



F_ = p^/'^{NJi{ujf)) + MYiiujp^iysinhiur]) + Ucosh{iur])). 

This type of solutions has been used in [43] to construct certain G2 holonomy examples. One 
way to obtain non factorized solutions is to take the continuum limit of (8.98) and (8.99) by 
selecting A,....,U,V as functions of u and integrating in terms of this variable. 

The task of finding non separated solutions can be achieved selecting an arbitrary complex 
function H{z) in (4.33) and solving (2.10). The powers H{z) = z" can be integrated out giving 
polynomial solutions. For instance selecting H{z) = z^ gives 

V^3r}p'-2rj'; F ^ ^p'/^Arj' - p'). 

and a Toda solution holds by defining the coordinate system {x, z) 

X — 3p^ — 677^, z — Grjp^ 

and u{x,t) = log[p^). Even in this simple case the coordinates (p, r;) are given implicitly by 
the relations 

,2 ^ 



= — , GTy-" + 277X - z = 0. 
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For Hiz) — z^ it is obtained 



3 Ihr^p' IWP'" ^r^'p'" 
^ = ^ -^^^ +-^' ^ = ^ 2 4^- 

The powers H{z) — z'^Log{z) can be also integrated exphcit to give more complicated ex- 
pressions including logarithmic terms. Simple separated solutions has been used to study loop 
corrections to the universal dilaton supermultiplet for type IIA strings on a Calabi-Yau manifold 
[52]. 

One important class of non separated solutions arc the m-polc ones, investigated in [46] 
and [34]. They give rise to the toric quaternionic Kahler metrics that are complete, compact 
and admitting only orbifold singularities. Therefore the G2 holonomy manifolds constructed 
with them as basis are appropriated to discuss the appearance of non abelian gauge groups and 
chiral matter by M-theory compactifications [14], [44] and [45]. The basic eigenfunctions F of 
(4.32) from which this solutions arc constructed are 



Jipf + (ri- y)2 
F{p, rj, y) = "^^^ 1.' " (8.100) 

where the parameter y takes arbitrary values. Using the Backlund transformation it is found 
the basic monopole 

y (77, p, y) = -Log[r^ - y + ^ p^ + {v - y?\- (8-101) 
The 2-pole solutions are given by 



^1 — := ; ^2 — — 



sfP \fP y/P 

The first one gives rise to the spherical metric and the second to the hyperbohc metric 



The relation between the coordinates (ri,r2) and (p, r/) can be extracted from the relation 



(n + zr2 = . . . . • 
ri + l + ip 



The general "3-pole" solution is 



1 + c/m \Ip^ + (r7 + m)2 ^ 5 _ c/m + (77 - m) 



2 



VP 2 ^ 2 

By definition — = ±1, which means that m can be imaginary or real. The corresponding 
solutions are denominated type 1 and type 11 respectively and encode many well known examples 
like the Bergmann metric on CH^, the Eguchi-Hanson metrics, the Bianchi Vlll metrics, the 
bi-axial Bianchi IX metric and the Pubbini-Study metric on CP^ [34]. There are also included 
to some quaternionic Kahler extensions of hyperkahler metrics with two centers and U (1) x U{1) 
isometry [47]. 3-pole solutions have many physical applications. They have been considered in 
[48] to construct type llA solutions that can be interpreted as intersecting 6-brancs. Moreover in 
[49], the N=2 gauged supergravity coupled to the universal hypermultiplet with a quaternionic 
geometry corresponding to the 3-pole solution has been considered, and it has been studied the 
possibility to obtain the de Sitter vacua. 

The general m-pole solution is of the form 



F{p,V) = 2^- — 



A;=0 



Vp 



for some real moduli {ak,bk) and the duality group SL(2, R) acts over them [34]. The corre- 
sponding monopole V is 



V{p, V) = -J2 Log[ak7] -bk + \J alp^ + {aki] - 6^)2] 

k=0 

and it can be checked that it satisfies (2.9). 

Another solution with apphcation to string theories is [50], [51] and [49] 

3/2 

F{p,v)-fsMr,T)^ E TT^s (8-102) 

where r — ti + iT2 — rj + ip and /3/2(t, r) is defined by the Eisenstein series. Solution (8.102) 
is invariant under the SL{2, Z) duality 

J- _> ^ ad — be — 1, (a, b, c,d) & Z 
cr + a 

and describes the D-instanton corrections of the Universal Hypermultiplet moduli space pre- 
serving some U{1) X U{1) symmetry, which are originated by Calabi-Yau wrapped two branes. 

Every solution V presented here define implicitly a solution of the continuum Toda equation 
by Proposition 5 and every F define completely a toric quaternionic Kahler metric by propo- 
sition 3, a toric 8 dimensional hyperkahler metric by (6.56), (6.57), (6.60), (6.61), (6.62) and 
(6.53), and different supergravities solutions by the results of section 6. 



9. Conclusions 



In the present work some important facts about toric quaternionic Kahler geometries in D=4 
and toric hyperkahler geometries in D=8 has been presented and in particular, it has been 
shown that the Swann construction provides a vahd hnk between them. The fundamental 
reason is that if a quaternionic Kahler space with torus isometry is used as a base in this 
construction, then the two commuting isometrics are preserved and are triholomorphic. As a 
result the Swann extension of a toric quaternionic kahler space in D=4 is an hyperkahler one 
with symmetry in D=8. Because toric quaternionic spaces in D=4 are described in terms 
of a simple linear equation (the Calderbank-Pedersen theorem), the resulting eight dimensional 
spaces are also described in this manner. This result can be compared with the Pedersen-Poon 
theorem that states that for toric hyperkahler metrics there exists a coordinate system for which 
they take the generalized Gibbons- Hawking anzatz. This system is related to the momentum 
maps of the isometrics, and to solutions of a generalized monopole equation. As a consequence 
of this comparison there are found solutions for the generalized Gibbons-Hawking anzatz just in 
terms of solutions the Calderbank-Pedersen equation, as was shown in section 6. The simplicity 
of this solutions is just apparent, because the dependence of the Gibbons-Hawking metric in 
terms of the momentum maps is given implicitly. 

It should be remarked that there is not reason to state, in principle, that all the cightdimcn- 
sional toric hyperkahler spaces arise by the construction presented here. We have presented 
only a subfamily among them in this paper. Such spaces were lifted to 11-dimensional and IIA 
and IIB supergravity solutions by use of dualities, and all the description is made as before in 
terms of a single F but with implicit dependence on the momentum maps. 

The Calderbank-Pedersen description can be viewed as a consequence of the Joyce classifica- 
tion of selfdual structures in four dimensions, together with a result due to Tod and Przanowski. 
Section 2 was intended to give the most simple presentation of the Joyce spaces as possible. 
The Calderbank-Pedersen metrics are the Einstein representatives among the Joyce families 
and arc the most general local form of a quaternionic Kahler metric in D=4 with U{1) x f/(l) 
isometry. The conditions arising from the demand of isometry together with the selfduality 
of the Weyl tensor are very restrictive and as a consequence, all description is achieved only 
in terms of the Joyce system, which is linear. The Einstein condition reduces this system to a 
linear eigenvalue problem, that is, to find certain eigenfunctions F of the laplacian of the two 
dimensional hyperbolic plane. 

This results presented in this paper can have different applications. For instance proposition 
3 describes the most general local form of a selfdual Einstein metric with one isometry, in terms 
of the Toda equation. They are the most general quaternionic Kahler ones with one KiUing 
vector and can be extended to G2 holonomy metrics by use of the Bryant-Salamon construction 
[13], that are asymptotically a cone over a weak Calabi-Yau manifold. Such 7-dimensional 
metrics can be lifted to 11-supergravity backgrounds and preserves 1/8 of the supcrsymmetries 
after compactification. The presence of one Killing vector allows a type IIA interpretation after 
Kaluza-Klein reduction along the isometry. 

It will be also useful to analyze which are the symmetries of the solutions of the Pedersen- 
Poon equations presented in this work. In the well known brane solutions [24] the dependence 
in terms of the momentum maps is explicit, and the symmetries of this solution related to 
momentum map system are directly seen. But the solutions presented here, although they 
have the same asymptotic limit, have not such explicit form and an interesting problem is to 
find their symmetries. 
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A Generalities about Einstein- Weyl structures 

The Einstein- Weyl structures are a generalization of the ordinary Einstein equation for which 
exists a twistor correspondence [37]. The Einstein equations are generalized in this picture in 
order to include invariance under coordinate rotations plus dilatations. In this section some 
important facts about them are sketched following [37] and [53]. 

It is known that for a given space W endowed with a metric Qab the Levi-Civita connection 
V is uniquely defined by 

Vg = 0, T(V) = (1.103) 
where T(V) is the torsion. A Weyl-structure is defined by the manifold W together with: 

(a) A class of conformal metrics [g], whose elements are related by the conformal rescaling 
(or gauge transformation) 

Qab ^ ^''gab, (1.104) 

together with 5'0(n)-coordinate transformations. is an smooth, positive real function over 
W. 

(b) A torsion-free connection Da which acts over a representative gab of the conformal class 
[g] as 

Dagbc = i^aQbc, (1.105) 

for certain functions uja defining an one form cu. Then it is said that D preserves [g]. 

The conformal group in n-dimensions is CO{n) = R+ x SO{n) and includes rotations 
plus general scale transformations. The structure [g] is called CO(n)-structure over W. The 
connection D is uniquely determined by (1.105) in terms of ui and g. This can be seen in a 
coordinate basis dk in which the system (1.105) takes the form 

9ab,c = gib'^ac + Qal'^bc + ^a9bc, 

where the symbols T'^,^ denotes the connection coefficients of D, which are symmetric in the 
lower indices by the torsionless condition. Thus a series of steps analogous to those needed to 
determine the Levi-Civita connection shows that T*;^. is 

nk = nk+iik (1-106) 

where F^^ are the Christofel symbols and the add 7^^ is 



(1.107) 



The form uj is not invariant under (1.108), its transformation law can be obtained from 
(1.105) and (1.107) and is 

a;„^a;„ + 29>^(Q). (1.108) 

It follows from (1.107) and (1.108) that the Levi-Civita of any g of \g\ preserves the conformal 
structure. 

If for a Weyl-structure the symmetric part of the Ricci tensor R{ij) constructed with Di 
satisfies 

R(,i) = Agij (1.109) 

for certain A, then will be called Einstein- Weyl. If in addition the antisymmetric part of 
vanish there exists a gauge in which (1.109) reduces to the vacuum Einstein equation with 
cosmological constant A. To see this it is needed to calculate 

R = DxDy - DyDx - D^x,Y] 

using the formula (1.106) for D. The relation CO(4)=i?+ x 5'0(4) decompose R into a real 
component Rq and into an S'0(4)-componcnt R that is equal to the curvature tensor constructed 
with V. After contracting indices it is obtained 

Rij = Rij + ViUJj - ]^iUJj - ^uJitOj + gijCj^k^k + ^^ki^^), 

where R^j is the Ricci tensor found with V. The antisymmetric part is originated by the Rq 
component and is determined in terms of uj as 

%] = ^V[,^,]. (1.110) 

If (1.110) is zero, then u) is the gradient of certain function ^ over W . The conformal rescaling 
(1.108) with Q, — — e* set u — Q. This reduce the symmetric part 

to Rij and (1.109) is the Einstein equation with A, thus [g] contains an Einstein metric. 

In 3 dimensions Einstein- Weyl structures are related to the solutions of the continuum limit 
of the Toda equation. If the anzatz for the metric 

h = e"(cix2 + dy^) + dz^, (1.111) 

is introduced in the Einstein equation (1.109) then it follows that u should satisfy [38] 

{e'')zz + Uyy + u^^ = 0, (1.112) 

cu — —Uzdz. (1.113) 

The non linear equation (1.112) is known as the SU{oo) Toda equation, and is seen (1.113) 
that u! is entirely determined in terms of u. This equation is integrable, but not many explicit 
solutions are known. 



B The Joyce description of selfdual structures 



One way to construct selfdual structures in four dimensions is to use the definition, i.e, to 
take an anzatz for a metric tensor g, find the Levi-Civita connection and solve the system of 
equations corresponding to W_ = 0, then [g] will be selfdual. By another side it seems more 
natural to describe an structure [g] in terms of a connection D preserving it like (1.105) than 
in terms of the Levi-Civita one. This was done by Joyce who considered which conditions 
should satisfy the curvature and the torsion of a connection D preserving [g] in order to insure 
self duality [33]. Some important results have been successfully reformulated in this context, 
but the novelty is that it gives rise to the classification of all 4 dimensional self-dual structures 
with two commuting isometries that are surface orthogonal. 

The first question that arise is if it is possible to express W in terms of D in order to 
impose = as a condition on D. It is well known that the irreducible components of the 
Riemann tensor under the action of 5*0(4) are the scalar curvature S, is the traceless part of 
the Ricci tensor Rij and the two components W± of the Weyl tensor [39]- [40]. But this result is 
valid only for the curvature constructed with the 5'0(4) Levi-Civita connection V. If instead a 
torsionlcss CO(4)-connection D preserving [g] is considered, the relation C0(4) = x SO{A) 
splits D into a real valued connection and an 5*0(4) connection and therefore the corresponding 
curvature R is divided into an 5*0(4) component R{D) and into an i?-componcnt Rq{D). The 
irreducible parts are in this case 6 and among them there are two, denoted as W±{D), which 
are equal to W± (see for instance Appendix A of [54] ) . Therefore W can be described in terms 
of a torsionless D preserving [g] . 

If D is supposed to have torsion then R has 10 irreducible parts [33] and W±{D) is different 
from W±, even in the limit uj ^ 0. Nevertheless, a careful analysis shows that if T{D) is 
selfdual, then W_{D) = W_. From this discussion holds the following important result [33]: 

Proposition 8 If for a conformal class [g] it exists a connection preserving D for which 



then [g] is selfdual. 

Conditions (2.114) shows that selfdual [g] can be characterized in terms of a connection D 
preserving it if the torsion is selfdual. Proposition 8 is a powerful method to construct selfdual 
families [g] , although it is not the most general one. 

The Ashtekar-Jacobson-Smolin description of selfdual Einstein spaces arise as a simple ap- 
plication of Proposition 8. Consider a manifold M and four vector fields e" forming an oriented 
basis for TM at each point, and the metric g constructed with e". The parallelizing connection 
D satisfies L>e" = 0, in this basis the Christofel symbols are all zero and so R{D) = 0. For this 
reason the condition W~{D) = is trivially satisfied. D preserves the metric g, and the class 
[g] of g. The torsion is r(e", e^) = DeaS^ - D^be" - [e", e^] = -[e", e^] and has the anti-selfdual 



T_{D) = W-{D) = 0, 



(2.114) 



components 



Tie\e')-T{e',e% 



T{e\e')-T{e\e% 



T{e\e')-T{e\e% 



thus T-{D) 



if and only if 



[e\eV[e',e1 = 0, 



[e\ e V [e^ el = 0, 



[e\ e V [e^ e=^] = 0. 



(2.115) 



By Proposition 8 the equations (2.115) defines a selfdual structure [g]; it is known as the 
Ashtekar-Jacobson-Smohn formulation of the selfdual Einstein equations [41]. In particular 
selecting — fjd/dxi + d/dxj it is obtained 

^_^ + ^ = ^-^ + ^ = ^-^ + ^ = 
dx2 dx4 dx3 ' dxs 8x2 dx^ ' 8x4^ 8x3 8x2 

If the metric has the Killing vector d/dx^, then the functions fi are independent of xi and this 
system reduces to 

VC/ = Vxa; (2.116) 
where we have defined U — fi and cu — (/2, /s, /i)- The corresponding metric is 

g^V-\dt-u;y + Vdx-dx, (2.117) 

It has been proved that (2.117) describes all four dimensional selfdual examples that are 
Ricci-flat with a triholomorphic U (l)-isometry, they are known as the Gibbons-Hawking metrics 
[42]. 

To finish it should be mentioned than the Jones- Tod correspondence and the Joyce descrip- 
tion of selfdual structures with U{1) x ^7(1) isometry arise as a consequence of proposition 8 
but the task to find the connection D is more difficult. The reader interested in details can 
look at the original reference [33]. 
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